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ACUMIITOTUKA COBCTBEHHbBIX 3HAUEHHI1
U PET'VJIAPU30BAHHBII CJIEJ] IIEPBOI'O MOPS KA
OITEPATOPA LITYPMA-JINYBUWJLJIA C 6-IIOTEHIIUAJIOM!

OnHOM U3 MHTSPSCHBIX 3a1a4 CIICKTPAIBHOMN TCOPUU OTICPATOPOB SIBJISICTCS M3YUCHUS aCUMITTOTHYCCKOTO TI0-
BSACHUS (DYHKLIMH PaCTIPCACICHMS MPH OOJIBLINX 3HAYCHMSIX CIICKTPAIBHOTO mapamerpa A. YacTHeIM CiiydaeMm
9TOH 3a4a4H SBILICTCS U3YUCHHUS aCHMITTOTUKH COOCTBCHHBIX 3HAYCHUHN, COOCTBCHHBIX (DYHKIIMI B 3aBUCUMOCTH
OT CBOWCTB KO3(hprimeHToB AurihhepeHITMATHEHOTO BRIPAKCHMS M MOTYYCHHE (JOPMYI PETyIAPHU30BAHHOTO Ceaa
JUTA COOTBETCTBYIOIIMX orieparopos. s muddepenimansroro oneparopa Htypma—JInyBUais, mopok ICHHOTO
BbIp@KeHUEM —"(x) + g(x))¥(x) ¥ CaMOCOTPSKCHHBIMU KPACBBIMM YCIOBUAMH B MpocTpaHcTee L [a, b], ¢ He-
MpepsIBHO AU HepeHIMPYESMBIM TOTCHIIMAIOM CYIIECTBCHHBIC Pe3yasTaThl ObutH momyucHsl .M. Tenbdammom,
B.M. Jleurarom B 1933 roxy. CpaBaurensHo HeaasHo B paborax A.A. Hlkamukosa, A.M. Casuyka ObutH Bricp-
BbIC TOJYYCHBI ACHMITTOTHKA COOCTBCHHBIX 3HAYCHMH, COOCTBCHHBIX (DYHKIMI M (opMyma perynapu30BaHHOTO
cena o oneparopos L typma—JIuyBrWnLst Ha KOHCYHOM OTPE3KE C CHHTYIIIPHBIMU [TOTCHLMAIAMHE, HE SIBJISTO-

LABTOpHI HCKpeHHE Onaromapsat npodeccopa K. A. Mupsoesa 3a MOCTAHOBKY 3aJaYH H MOCTOSHHOC BHUMAHHE K
padore. H.H. Korneunas u T.A. CadoHoBa mpoBOIIUITH HCCIICI0BAHHE PH MoAepKke Poccuiickoro ¢poHma gyraameH-
TaTbHBIX uccaeaoBaHui (rpaHT Ne 14-01-31136-M071 a) 1 PeTHOHATBHOTO OOIICCTBCHHOTO (DOHIA COACHCTBHA OTCUC-
CTBEHHOH Hayke (rpaHT 1mo (yHIaMEeHTAIBHBIM Ipodnemam (usuku 1 Maremarukn). T.A. CadoHOBOH Takke MOIyUCHA
nonaepskka MunoOpraayku PO (rpasT IIpesmaenra PO No MK-3941.2015.1), Poccuiickoro (oHma (yHIaMEHTAIbHbBIX
uccienoBanuit (rpaHTsl Ne 14-01-00349, 15-31-50259), npaBuTenscTBa ApXaHTCIBCKOH 001aCTH (KOHKYPC «Momoasie
vueHsble [Tomopss», HayunsIi poekT Ne 10-2015-03a «KauecTsennpiit aHamn3 tudQepeHIMaTbHBIX YPABHCHUH C He-
IIAAKUMHI KO3 PUIUCHTAME B CMEKHBIC BOIIPOCHI CIIEKTPAILHOW TCOPHH OTIEPATOPOBY).
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IIUMHUCS JTIOKATBHO MHTCTPUPYCMBIMU (DY HKLIMAMHU, U KpacBbiMu yenowamu Jupuxie. [Ipu sTom npuMeHsIocs
orpeaenenue onepartopa L typma—JluyBummis ¢ moTeHIMATIOM-PaCcPeICICHUEM TIEPBOTO MOPAKA KaK Oreparopa,
MOPOKACHHOTO KBasUIU((DEPCHIMATBHEIM BHIPAKCHHEM BTOPOTO TIOPSIKA ¢ JIOKATBHO CYMMHUPYEMBIMHU KO3 ()-
(rimeHTamu, Brepseie paccMoTpeHHOS B paborax A.M. Casuyka u A A. lllkanukosa. Tako# momxoa ro3BoIvI
HaM B JAHHOU paboTe MCCIEI0BATh aCUMITTOTHICCKOE MOBEACHUE COOCTBEHHBIX 3HAYCHUM U MOTYYUTE (JOPMYIIbI
PETYAAPUBOBAHHOTO CJICa TICPBOTO TIOPSAKA UTA OTICPaTopPOB, MOPOKIACHHBIX BRIpakeHUEeM —)"(x) + Ad(x)y(x),
rae 0(x) — O-yuxims Hupaxa, / € R, ¥ HEKOTOPBIME CaMOCOTPSLKCHHBIMU KPACBBIMY VCIIOBHSMH B LIPOCTPAHCTBE
L [-1, 1], a mvenno yemosmsavu Buaa: i) Y(—1) = y(1) = 0; i) Y1) = y(1) = 0; 7ir) y(=1) = (1) = 0; iv) W(—1) =
= (1), Y(=1) = yt(1). JIns HaxoxkACHUA aCUMITTOTHUKY COOCTBEHHBIX 3HAYCHUM YKA3aHHBIX OTICPAaTOPOB Hakie-
HBI COOTBETCTBYIOLIUE TPAHCUCHICHTHBIC VpaBHEHU. J]anbHEHMIINY aHaTIHU3 MOJTYYICHHBIX VPAaBHCHUM TIO3BOIACT
MOTYYUTE (DOPMYITBI PETYIIAPU30BAHHOTO CIEIa MEPBOTO MOPSIKA PACCMOTPEHHBIX OTICPATOPOB.

Karouesnie crnosa: keazuoughepenyuanvhuie onepamopul, onepamop LLImypma—Jluysunns c d-nomenyuaniom,

ACUMPMOTMUKA CODCBEHHBIX 3HAYEHUT, PeeVIsPU06AHHbII Clled onepamopa.

1. Ilycte BemecTBeHHas GyHKLUS G(X) U3Me-
puma Ha otpeske [-1, 1] n o*(x) € ,[-1, 1]. IlycTs
nanee y(x) — abCONIIOTHO HempepbiBHAs (PyHKLMS

a [-1, 1] (W(x) € AC [-1, 1]). Onpenenum miep-
BYIO KBa3WIPOHU3BOAHYIO (yHKIMH Y, mosjaras
W(x) = y'(x) — o(x)(x). Ipeamonoxus, 410
WH(x) € AC[-1, 1], onpenenum BTOPYHO KBa3UIIPO-
usBoaHy0 y(x), momaras yi(x) .= ((x))" + o(x)
W(x) + o*(x)y(x), u paccmoTpum kBasunuddepeH-
LIMAJTbHOE BBIPAKEHHE

Y1) = —Px), x e [-1, 1]. (1

B [1, 2] nokazano, uto (1) onpenensier cum-

MeTpuueckoe B cmbicyie Jlarpamka (dopmaiibHO

caMOCOIpskeHHOe) auddepeHIrnanbHOe BhIpa-
JKEHUE

IIyl(x) =-y"(x) + &' (x)y(x), )
r7ie BCIOMY MPOM3BOIHBIE O3HAYAIOT MPOU3BOIHBIE
B CMBICJIE TEOpUH pactpeneneHuil. B atux xe pa-
6oTax ycraHOBJIeHO, uTO /[y] mopoxmaeT mMakcu-
ManbHbIN onepatop L, o ¢popmyine L, [y] == I[y]
¢ 00NacThIO ONpeneNneHus

DiL)={ ¥ | v e ACT-111y e L[-11}
U MHUHUMAJIbHBIM omepatop [ , onpenenseMbli
KaK cyxeHue L, Ha 061acTh

D(L,)={y|y e D(L,), y(+1) = y1(=1) = 0}.
Copagennusa Teopema [1, 3]:

Teopema 1.1. Onepamop L asnsemes 3ammy-
MbIM CUMMEMPUYECKUM ONEPAMOPOM C UHOEKCOM
Oethexma (2, 2). Beaxoe camoconpsicennoe pac-
wpenue L onepamopa L onpedensiemes iuneiino
HE3ABUCUMBIMU KPAEBLIMU YCA0BUAMU GUOA:
a,y(-1) + a, y[l](—l) b, (1) + b, 0(1) =0,

Jj=12, 3)

AJA* = BJB*, (4)

MpU4YeM

e
A:(all alz) B=(bll blz) " J:( 0 1)
ay Ay ) b, b, -1 0/

Obpamno, écaxue TUHENHO He3A8UCUMbIE KDPA-
esvie yciosus (3), yoosiemsopsawuue (4), onpede-
JIAIOM camoconpaxcennoe pacwiupenue 1. onepa-
mopa L, .

W3 BbImIECKa3aHHOTO CIIEAyeT, YTO OIeparo-
pel, opoxkaeHHsie (2) B npoctpanctee L [-1, 1],
SIBJISIFOTCSL  PEryJIIPHBIMUA UG depeHIIHATbHBIMH
oreparopamu. Y, B 4aCTHOCTH, pe30JIbBEHTA JIIO-
60ro caMOCOIPSKEeHHOTO paciupeHus [ omepa-
Topa L SBISAETCS HHTErpajbHBIM OIEPaTOPOM
¢ sapom I'mnpbepra—Illmunra, a ciekrp aro60ro
CaMOCONPSHKEHHOTO pacmmpenus L oneparopa L
SIBJISIETCSL BEIECTBEHHBIM U YHNCTO TUCKPETHBIM.

IIycte Teneps QyHKLMsS G(X) 3amaHa CIEOyrO-
UM 00pasoMm:
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0, ecmm —1<x<0,
o(x) =
h,ecnmun 0L x <1,

rae h € R. Torna muddepeHmaabHOe BIpaKeHHE
(2) npuHMMaeT BUL;

ylx) = —y"(x) + h3(x)y(x), x € [-1, 1], (5)
rae O(x) — 6 — dyukuumsa Jupaka.

HanHast paboTa MOCBSIIEHA HAXOKICHHUIO
ACUMIOTOTHYECKUX (GOpMyN aisl cOOCTBEHHBIX
3HAYEHUH W PeryJsIpH30BaHHOIO CIieAa IepBOTO
MOPSIZIKA CaMOCOIIPSKEHHBIX PACIIUPEHNH ornepa-
Topa L, MOPOKAEHHBIX BRIPAKEHHEM (5) U HEKo-
TOPBIMH KPAaeBBIMHU YCJIOBHUSIMH, YIOBIIETBOPSIO-
MU paBeHCcTBaM (3) U (4), a UMEHHO Y CJIOBUSIMU
BUJIA!

DY) =y(1)=0;

ii) y M(=1) =)1(1) = 0;

iii) y(=1) = y!"(1)=0;

iv) y(=1) = (1), Y1) =H1(1).

IloguepkHeM, 4YTO YyCJIOBHS 1)—iii) SIBIISIFOT-
Csl pasmesieHHbIMH KPaeBbIMH YCJIOBHSIMH, M TIO-
3TOMY COOCTBEHHBIE 3HAYEHHSI COOTBETCTBY FOIIINX
OTepaTopoB MPOCThIE. YCIOBHE V) — 3TO aHAJIOT
TIEPUONNYECKUX KPaeBbIX YCJIOBHUH, U COOCTBEH-
HbIE 3HAUEHHs B 3TOM CJIyuae IBYKpaTHbIE (KpoMe
MEPBOTO).

OtmeTnM, uto B padorax [1, 2] BnepBbie ObLH
MOJTyYeHbl ACUMITOTHYECKHEe (HOPMYJIBI IJist COO-
CTBEHHBIX 3HAYEHHH W COOCTBEHHBIX (DyHKIIHI
orreparopor IllTypma—JIuyBujuis ¢ moTeHIMANA-
MU-pacIpefieieHnsIMU ¢’ ¥ KPaeBbIMHU Y CIIOBHSI-
mu Jupuxie Ha [a, b], T. e. yciaoBusimu Buna 7). B
pabote [4] HaiineHa GopmyIia peryIspru30BaHHOTO
cnena oneparopa Ll typma—JInysuss, mopoxaeH-

HOTO BhIpakeHueM —y”(x)+ 6(x — %) y(x) u kpae-

BbIMH ycnoBusamu [lupuxne B L,[0, wt]. B pa6ote
[5] Haiinena dopmyna peryasipr30BaHHOTO Ciiena
1151 oneparopos L typma—JIny BUILIIS C CHHTYJISIP-
HBIMH TIOTEHIMAJIAMH, He SBISIFOIIUMUCS JIOKATb-
HO HMHTETPUPYEMBIMH (YHKLHSIMH, W KPacBBIMU
ycnosusamu Jupuxne B L, [0, 7).

2. JIns HaXOXOAEHHs aCHUMITOTHKU COOCTBEH-
HBIX 3HaYeHUN YKa3aHHBIX OIePaTOpOB COCTABUM
JUTA HUX TPAHCIIEHASHTHEIE ypaBHeHus. Paccmo-
TPUM YpaBHEHHE Ha COOCTBEHHbIE 3HAUEHUS

") + h3(x)y(x) = Ay, (6)
rae A =z’ — CeKTPaJIbHBIN apameTp.
Jlemma 2.1. Obujee peutenue oughgpepenyu-
anvHo2o ypaeneHus (6) MOJNCHO NPeOCmMABUMb 6
suoe:

¢ coszx+c, w,ecm/l xe[-10);
y(x)= z (7)

,ecmm x e (0,1],

~ . sinzx
¢,c0sZx + C,

npudeM i koddduumeHTor ¢é,¢,, ¢,,¢, crpa-
BEJIJIMBBI PaBEeHCTBA
¢ =c¢; G =c¢,the. (8)
HoxkazarenncrBo. M3 Teopembl CylecTBOBa-
HUS U eOUHCTBEHHOCTH pemeHus 3amauu Komun
s ypasHenws (6) cienyet, uro y, Y e AC[-1, 1].
ITosToMy At MPOM3BOJILHOTO PEIIEHHs ypaBHe-
Hus (6) CripaBenJINBEI PABEHCTBA!

(0 +0) = y(0 - 0); Y10 + 0) =10 - 0). (9)
C apyroii cTopoHbI, ypaBHeHHe (6) Ha MPO-
mexyTkax [—-1, 0) u (0, 1] umeer Bun y"(x) =
= —z%y. CoCTaBUM COOTBETCTBYIOIEE XapaKTe-
pucrtrueckoe ypasuenne k* = —z° Ilycts A > 0,

T. €. z=+/A € R, TOTa XapaKTEPUCTUYECKOE YPaB-
HCHHE HMCECT PAa3JIMYHBIC KOMIUICKCHBIC KOPHH
k =iNh =iz, k =—iNh =—iz. TlosToMy oGmiee

pemeHue ypasHeHus (6) Ha mpoMexyTkax [—1, 0)
sin zx

u (0, 1] mmeer Bug y(x)=c coszx+c, u

. . sinzx
y(x)=¢ coszx + ¢, COOTBETCTBEHHO, T. €.

CIpaBeJINBbI d)OpMy.]%:I (7). Honcraswus 31H NIpea-
craBieHus B (9), MONyYnM, 4TO CIIPaBEIUIMBBI pa-
BeHCTBA ().

IIycte Temepp A <0, T e. z= iN-\ € C, Tor-
7la XapaKTepHCTHYECKOe YpaBHEHHE HMMeeT pas-
JIMUHBIE NefiCTBUTEbHBIE KOPHH k =/—A = —iz
k = —J-r=iz. obmiee

ITostomy pelieHue
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ypaBHeHus (6) Ha npomexyTkax [—1, 0) u (0, 1]
umeer Bun M(x) = cexp(izx) + cexp(—izx) u
y(x) = ¢, explizx) + ¢, exp(—izx) COOTBETCTBEHHO.

1 1 1
Ilonoxwus ¢, =¢, =— u ¢, =—,¢, = ——— , TIONy-
2 2iz 2iz
yuM Ha npomexxyTke [—1, 0) mBa nuHeHHO Hesa-

sin zx

BHCHUMBIX PCIICHUA COSzX U . AHaJOrHYHO

V4
u Ha pomeskyTke (0, 1]. CnenoBarenbHO, my1st 00-

IIEro pellieHus ypaBHeHHs (6) OCTAIOTCs CIIpaBe-
mmBbl popmyel (7) u (8).

B ciayuyae A = 0 dopmyier (7) u (8) cpasen-
JIMBBI KaK MpefesbHbIN ciydai paBeHCTB (7) mpu
z — 0. Jlemma nokaszana.

3ameuanue 2.1. B cnyuae A < 0 mojioxum z =
=iz, z, € R, Torna ¢popmys (7) npuMyT BUA;

hz,x

s
cchzx+c, .ecm x e [-1,0);

& (10)

y(x)= P
I ecim x e(0,1].

¢chzyx+¢, >
1
Teopema 2.1. Tpancyenoenmuvie ypagHeHus
011 COOCMBEHHBIX 3HAYEHUTI ONepamopos, No-
PodcOenHbIX OuhghepeHyuabHBIM BbIPANCEHUCM
(3) u kpaegvimu ycrogusamu i) — iv), umerom uo:

i) sinz(2cosz+ ﬁsin z)=0;
z

2
if)sinz(hsinz —(2z+ h—) cosz)=0;
z

h . 2
ifi)cos2z ——sin2z ——sin’ z = 0;
2z z
2

iv)(4+ I;—z) sin®z=0.

Hoka3zarenbcTBo. /okakem CripaBeIjIMBOCTh
TeopeMsl [uist ciydas 7). B cuny jgemmer 2.1 s
oO1iero pemieHus: ypaBHeHHsi (6) CIpaBemJTUBBI
paeenctBa (7) u (8). [panuunsie ycnosus i) OyayT
BBIIIOJIHEHBI, €CIH C,, C, ABIAIOTCA PEIISHUAMH
CHCTEMBI sinz _ .

;

€, co8z—c,

sinz

c(cosz+h )+c, =0.
z

JlanHas crcTtemMa nMeeT HeHyJIeBOe pelleH e B
TOM M TOJIBKO B TOM CJTy4ae, KOTJa ee OIpenesH-

. h .
TeJIb PaBEH HyJIIO, T. €. Sinz(2cosz+—sinz)=0.
z

AHaﬂOFHqHO MOKHO OoKasarb WU OCTaJIbHBIC YT-
BepIKIeHUs TeopeMbl. Teopema noKas3aHa.
3ameuanue 2.2. B ciyyae A < 0 cHOBa caena-
€M 3aMeHy Z =iz, Z, € R, Torma COOTBETCTRYIOIIIHE
TPaHCLEHAEHTHBIE YPaBHEHUS IPUMYT BU!

i) shz,(2chz, + —shz,) = 0;
4

2
ii) shz,(hshz, + (-2z, + h—)chzl) =0;
4

h h?
iif) ch2z, — 2—sh2zl ——sh’z, =0;
1 z

hZ
iv)(4 ——z)shzzl =0.
Z
3ameuanne 2.3. Uucmo A = 0 sasisgercs coO-

CTBEHHBIM 3HAYEHHEM PAaCCMATPUBAEMBIX OIMEpa-
TOPOB MPH BBIMIOJHEHHH CJIEAYOLINX PABEHCTB!
Nh+2=0; ii)h=0;
ih+h-1=0, iv)h=0.

3. Hccrmenyem acUMMNTOTHKY COOCTBEHHBIX
3HAYEHH OTMEPaTOPOB, MOPOKIASHHBIX TU(depeH-
LIHAJTEHBIM BBIpKEHHEM (5) U KPAaeBbIMH Y CIIOBH-
SIMU 1)-iV).

Teopema 3.1. Cob6cmeennvie 3Hauenus onepa-
mopa, nopoXscoeHHo2o oughghepenyuanbHbimM 6oi-
padicenuem (3) u kpaesvimu YCA08UAMU i), UMEIOM

czzedyiomzyio ACUMNIMOMUKY:
2

nn  h n 1
A = +——(-1) =+ 0| — WU 11— +oo.
" 4 2 (=) 2 (n)np

HoxazarenncrBo. [Iycte A>0, T e. z = JA>0
CormacHo Teopeme 2.1 TpaHCLIEHAEHTHOE ypaBHe-
HUe AN COOCTBEHHBIX 3HAYEHHWU paccMaTpHBae-
MOT'O OTepaTopa UMEET BUI

sinz(2cosz+—sinz) =0.
CrenoparensHo, sinz =0 énn

2cosz+ﬁsinz:0. (11)
z

W3 ypaBuenus sin z =0 HaxoauM, 4TO z_ = TUH,
m
m=12 ...

107



Bectaux CA®Y. Cep.: Ecrects. Hayku. 2016. Ne 1. C. 104-113.

Pemras ypaeHenue (11) HemocpencTBeHHO,
HaMIeM, 4TO €ro pelIeHns] MOXKHO 3arkCcaTh B BULIE

i
z, =tn——+0,, n=1,2,..,
2
rae |o | < C, C =const, u o, — 0 mipu n — oo,
n ? ? n

IMoncraeuB B ypasuenue (11) HalineHHOe pe-
IIEHHUE Z , IOy YHM:
n

. 1
sino., - - T cosO.,.
2mn
1 vy
Bripaxenue ITETOL” SIBJIIETCSL  CyMMOM

27n
OeCKOHEUHO YyOBIBAIOIEN TeOMETPHUYECKOM Mpo-

rpecCun € ICPBBIM YJICHOM, PAaBHBIM CIWHUILIC, U

T —20
CO 3HAMeHaTelleM, paBHBIM —— 7

] h 1 27n

sinQ, =——cosd, +O — |-
2mn n

Tax xak o, — 0 ipu 7 — +oo, TO B CHUJTy TIEPBO-

ro saMe4yarTeJIbHOrO rpeaciia

1
o, = L-i' 0(—2) >
21n n

U, CJICO0BATCJIEHO,

z, =nn—§+L+O(L)~

2mn n’

Taxum obpasom, obmee permenne s z, M z,.
HMEET BUII;

7 =——— 4 ——(-1)" oy O(Lz) ;
2 2 2nk 2mk k
k=2,3,....
VunThiBas 3aMeHy A =z, MONyYHM CIEAyIO-
MYy aCUMIITOTHKY ITOJIOXKHUTECIIBHBIX CO6CTBeH'
HBIX 3HAYEHH} COOTBETCTBYIONIETO OMEPaTopa:

2 2
Kk=n (k-1 +ﬁ_(_1)k’lﬁ+0 1 > k=2,3,....
4 2 2 k
3amenuB n = k — 1, momyyuM OKOHYATENbHBIE
ACUMITTOTHYECKHE (POPMYJIBL;

2.2
hy =2 +ﬁ—(—1)"ﬁ+0(1),n= 1,2,....
4 2 2 n

IlosTomy

Iycte Teneps A < 0. CoracHo 3amMevaHuro 2.2,
TPAHCUEHAEHTHOE YPAaBHEHUE Uil OTPHULATENb-

HBIX COOCTBEHHBIX 3HAYEHHH PacCMaTPUBAEMOTO

omeparopa uMmeer BHA shz (2chz, + ﬁshzl) =0
V4

1
z, € R. JlaHHOE ypaBHEHHE He MMEeT OTIMYHBIX

oT Hyns KopHed. CremoBareNbHO, OIepaTop He
HUMeeT OTPULIATEIbHBIX COOCTBEHHBIX 3HAYSHUI.

N3 3ameuanus 2.3 ciexnyert, 4to yuciao A = 0
SIBJISIETCSE COOCTBEHHBIM 3HAYE€HHEM COOTBETCTBY-
IOLIero oreparopa Toyibko npu h = —2. Teopema
JOKa3aHa.

Teopema 3.2. Cob6cmeennvie 3HaueHus onepa-
mopa, nopoXscoeHHo2o oughghepenyuaibHbim Goi-
padicenuem (3) u KpaegvimMu yCa08UAMU Ti), UMerom
CEOYIOUYIO ACUMINIMOMUKY:

w’n’ h h

A, = ——+(—1)"—+0(l) IpU 71 —> Foo .
2 2 n

" 4

Hoxazarenncrso. [lycts A > 0. CormacHo Te-

opeme 2.1 TpaHCIIeHIEHTHOE ypaBHEHHUE IJis COO-

CTBEHHBIX 3HAUYEHUM PAaCcCMAaTPUBAEMOTO OTEpaTo-
2

pa mmeer BuAa sinz(hsinz—(2z+—)cosz)=0.
z

CnenosaresbHO, sinz =0 WM
2

hsinz—(2z+—)cosz=0-
z

(12)
W3 nepBoro ypaBHeHHs HAXOAUM, 4TO Z, = T,
m=1,2 ...
Pemas ypasaenue (12) HemocpencTBeHHO, 1O~
JIy9HM, YTO €r0 PeIleHNs] MOXHO 3aIiCarh B BULE:

T
z, =nn+—-o, ,h=01,. .,
2

e o, | < C, C = const,u 0, — 0 1pu n — oo,
Iloncrasus B ypaBHenwue (12) HaiimenHoe pe-

IIEHHUE Z,, IOy YUM:

20,

i 2mn+ 7
( n)z 20, Y 20
wm+— 1- & + 5
2 2nn+ T (2nn +m)

Paccy>xmas Tak e, kak u B Teopeme 3.1, ompe-

IeJINM, 9TO
h 1
Otn =—-H 0 — |’
2Tn+ 1 n

n:n+E 1-
2

cosQl

-

. h
sin¢, =—-
2
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U, CJICO0BATCJIEHO,

1
annn+£_—h +0(_2),n=0, ...
2 2mn+m n

Taxum obpasom, obmee permenne s z, v z,.

UMeeT BUO.
2, :“_k_LJr(_l)’fLJrO(Lz),k: 1,2, ...
2 27k 2mk k

YuuTeiBas 3aMeHy A = z°, TIOJyYdM CJIEHYTO-
IIy}0 ACHUMITOTUKY ITOJIOKHUTEJIbHBIX COOCTBEH-

HBIX 3Haqe£{1/121‘/'1:
A, = nk —ﬁ+(—1)kﬁ+0(l), k=1,2,... .
4 2 2 k
IIycte Teneps A < 0. CornacHo 3ameyanuto 2.2
TPAHCLIEHAEHTHOE YpPaBHEHHE Ui OTPULIATENb-
HBIX COOCTBEHHBIX 3HAYEHHH PacCMaTpHBaeMOro

oreparopa UMEET BHT

hZ
shz,(hshz, +(-2z, + Z—)chzl) =0,z €R
1
JlaHHOEe ypaBHEHHE HE HMEeT OTIMYHBIX OT

HyJis1 kopHeit. CrienoBareNibHO, OriepaTop He UMeeT
OTPHLIATENIBHBIX COOCTBEHHBIX 3HAUSHHIA.

N3 3ameuanus 2.3 cnemyet, uyTo uucio A = 0
SIBJISIETCSI COOCTBEHHBIM 3HAYEHHEM COOTBETCTBY-
IOIIETO oreparopa Tosbko npu # = 0. Teopema n0-
KazaHa.

Teopema 3.3. Co6cmeennvie 3Havenus onepa-
mopa, nopodcoeHHo20 oughghepenyuatbHbim Gol-
paxcenuem (3) u kpaegvimu ycioeuamu iii), ume-
10m CaedyIougyio acUMnmMOmMuKy:

1 h 1
A, =—(=+n) ——+O(=) IpH 1 —> +oo .
=G =5 +06) mp
Hoxazarenncrso. [Tycts A > 0. CornacHo Teo-
peme 2.1 TpaHCIeHIEHTHOE ypaBHEHHE UIsl COO-

CTBEHHBIX 3HAUEHUN PacCMaTPUBAEMOIO OMePaTo-

pa MeeT BUI!
h 2
cos2z——sin2z——sin’z=0. (13)
z
Pemas ypasaenue (13) HernocpencTBeHHO, MO-
JyYUM, 9TO €r0 PEHISHHs] MOXKHO 3allCaTh B BUIE:

n=12

5 Ligansy

Z, =—+——0,,
4 2

rae |o | < C, C=const,n o, — 0 ipu n — oo,
n n

IMoncraeus B ypaBHenwue (13) HalineHHOe pe-

IIEHUE Z , TTOJTy YUM:
2h 1
2nn+w n

B cuny nepBoro 3aMeuarensHOTO mpenena

1
opt ol 1)
2Tn+ 1 n

U, CJICOOBATCIIBHO,

T T h
z, =— —_—
4 2 2nn+mw
YuuteiBas 3aMeHy A = z°, TOJyYHM CJIEOYIO-
Y0 aCUMIITOTHUKY COOCTBEHHBIX 3HAUSHUI:

n’ h

A, =_(l+n)2 __+0(1), n=12..
4 2 2 n

IIycte teneps A < 0. CornacHO 3aMe4yaHHUIO

2.2, TpaHCILEHASHTHOE YpaBHEHHE IS OTPHIIA-

TENBHBIX COOCTBEHHBIX 3HAYEHHM paccMarpuBae-

MOTr'0 Ooreparopa UMeeT BUI!
2

ch2z, —ish2zl —h—zshzzl =0, z eR.
Z 4
HanHoe ypaBHeHHe He nMeeT pemenuid. Core-
ZOBaTeNIbHO, COOTBETCTBYIOIIUI ONIepaTop He HMe-
€T OTPULIATEJIBHBIX COOCTBEHHBIX 3HAUEHHIA.
U3 zameuanus 2.3 cnenyert, uto A = O siBysieT-
Csl COOCTBEHHBIM 3HAYEHHEM COOTBETCTBYIOLIETO

145
2

sin20l, =

oreparopa TOJIbKO NIPU h=
Ka3aHa.

Teopema 3.4. Co6cmeennvie 3HaueHus onepa-
mopa, nopoXscoeHHo2o oughghepenyuanbHbimM 6oi-
padicenuem (3) u Kpaegvimu yCI08UAMU iV), ume-
10m 6UO: B

Ay=—— A, =7'n’, n=12,....
’

Hoxazarenncrso. [lycts A > 0. CornacHo Te-

opeme 2.1 TpaHCLIEHAEHTHOE YpaBHEHHE T COO-

CTBEHHBIX 3HAUYEHUH PAaCcCMAaTPUBAEMOTO OTEpaTo-
2

h™ .
pa umMeet BUA (4+—) sin® z = 0. CnienoBarenbHo,
2 z
4+—=0 wm sin’z=0. VuureiBas 3aMeHy
z
A = z%, OJyuuM crienyroniie GOpPMYJIIbI ISl TTOJI0-
JKUTENBHBIX COOCTBEHHBIX 3HAUEHUM OTeparopa:
A=mwn,n=12, ...

. Teopema mo-
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IIycte Teneps A < 0. CornacHo 3ameuyanuto 2.2
TPAHCUCHACHTHOSC YPAaBHCHHUC JIA OTPHULATCIIb-
HBbIX COOCTBEHHBIX 3HAYEHHWH PacCMaTpUBacMOTO
oreparopa uMeeT BI/I,[[

(4 ——)shzzl =0, z,€R.
l
CreoBaTenbHO, ONepaTop UMeET eAMHCTBEH-

HOE OTpHLIATEbHOE COOCTBEHHOE 3HAYEHHE
hZ

Ay =——

4

N3 3zameuanus 2.3 cienyert, 4to yucio A = 0

SIBJISIETCSI COOCTBEHHBIM 3HAYE€HHEM COOTBETCTBY-
I0LIero orneparopa Tossko npu /= 0. Teopema mo-
KazaHa.

4. Tlog peryasipu30BaHHBIM CIIEAOM IEPBOTO
MOpPsiAKA OMePaTopoB, MOPOKAEHHBIX MU depeH-
LUATEHBIM BBIpKeHHEM (5) U KPaeBbIMHU Y CIIOBU-
sIMU )—iv), OyieM MOHUMAaTh CYMMBbI COOTBETCTBY -

IOIUX PSIOB!
2.2
b -2y,
4 2 2

ny
n=1
< n’n®  h h

i) 2| % - +——enﬂj;

i) 21 4 2 2

iif) & (1 Y h
A, ——|=+n| +=|;
2| M 4(2 ") 2]

(14)

(13)

(16)

n=1
") 3, ).
n=1

OTMeTHM, YTO MPU TEX 3HAYEHUSIX MapaMeTpa
h, ipu kOoTOpBIX A = O siBNIsieTCss COOCTBEHHBIM 3HA-
YeHHeM, CyMMHpOBaHKe Hano HauuHath ¢ 0. Oye-
BUJIHO, YTO B ciyuae iv) psg (17) cxogurces u ero
CyMMa paBHa HYJIIO.

Teopema 4.1. [lycmv L — onepamop, nopooic-
Oenndliil (3) u Kpaesvimu ycaos8usmMu 1).2 Toeoa psao

(17)

(14) cxooumces u eco cymma pasHa —— .

HMoxazaresncTBo. Yucna z, (cm. Teopemy 3.1)
SIBJISIFOTCSL TIOJIOXKUTENIbHBIMU KOPHSAMH (PyHKIIHH

. h
f(z)=sin2z(1+ 2—tgz) .
z
OKPY?’KHOCTH HAa KOMIUIEKCHOM IUIOCKOCTH C LIeH-

OGosnaunm wepes v,

TpaMH B Ha4YaJIC KOOpAUHAT U paauycCaMu, paBHBI-

T

vu X+ & Ormerum, uto f (z) HeueTHa, PyHKLHS

2—tgz OrpaHHYEHA HA Y, HEKOTOPBIM YHCJIOM, HE
z

h
3aBUCAIIAM OT 7, a (PyHKLHS 1n(1+2—tgz) roJIo-
z

Mop¢Ha Ha Y, Npu GoNbIINX 3HaYeHUsaX n. B cuiy
TeopeMbl Kol 0 BeIUeTax Moy unM:

n 1 2 1 2 .
ZZ}M :Z_Tr,iY[Z d(In f(z)) :Z_TEZ'Y'[Z d(In(sin2z)) +

1
+—
2.

Zd(In(1+ i 1gz)) =
T 2z

n 2k2 1
=23~

k=1

J 22(— 1gz — Sh—tg z)dz+o(l) =

n 2k2 1
= 22 —2—mjhtgzdz+

s Ll Bl +ol)= 2ﬁ mk

restgz +
2mi) 4 ho 3 reste

T
\z\<§n+z

h’ tg’z
+— res—=——+o(l)=
rapIg ®
\z\<fn+z

v Tk +2h(21) (2]{1—2) +o(1),

k=1

k=

I7e MTPUX 03HAYaeT CYMMHPOBaHHE MO BCEM He-
YETHBIM YHCJIaM, MEHBILIHM 71.
s

n 1 n
3amMeTHB, uTO (21) =52(l—(—1)k), nosny-
k=1

k=1

YUM PaBEHCTBO!

’

i wk: h P& 1
;(xk— YR —( 1)) - (;F) +o(l).

CTPEMUTCH K

HpH n — 4oo cymma (zk_

=, moatomy psin (14) cxomurcs v ero cymma pas-
2

wa _ 1 . Teopema nmokazaHa.
K}

110



Koneunast H.H. u ap. AcumMnToTrka COOCTBCHHBIX 3HAYCHUHN U PETY/SIPU30BAHHBIH CJIC/ ICPBOTO TIOPSIAKA. ..

Teopema 4.2. [lycms . — onepamop, nopooic-
Oennviii (3) u kpaesvimu ycaosusamu ii). Toeoa psao
hZ
(15) cxooumes u eco cymma paena ——
HMokazarenberso. Yucna z, (cM. Teopemy 3.2)
SIBJISIFOTCSI TIOJIOJKUTEJIbHBIMH KOPHSIMH
2

f(z)=—zsin2z(1+ (2}17 - %tgz)) )

O6Go3Haunm 4epes 7y, OKPYKHOCTH Ha KOM-
TUIEKCHOMW TUTOCKOCTH C LISHTPAMH B Hadaye Koop-
AN
IOUHAT U pafiyCcaMu, paBHbIMU /7 +— OTMeTHM,
5 2 4
410 f(z) uetHas, QyHKLMS > —2—tgz orpaHuue-
z z

Ha Ha ’Yn HEKOTOPBIM YUCJIOM, HC 3aBUCAIINM OT 71,
2

a QysKImsA In(1+ (2]1—2 - 21 tgz)) TomomopdHa Ha
z 4

v, npu Gompux 7. Ilpumenss Teopemy Komm o
BBIYETaX, IOy YAM:

230, = [ Zdtin(-2)+ - [ Zd(nsin?
; k 27:1‘7{2 (In( Z))+2m'y{z (Insin2z)+

+szzd(1n(1+(£—it 7)) =

2751'7 222 2z A
k] ”oh

=2 —— [2zIn(1+ (— — —tgz))dz =
2 2m'J i+ 7 =5, )

k=1

n 2 2 1 h2 1
2 —— —dz +—X
o 2mi ;) z 2mi

1 (h g’z
X | htgzdz + — z
j o 21tiYj 4

4

n
’ ’

n 2k2 2h2 n
2y T 2 —on 21 2—2 +o(D),
k=1 4 . lk
rIe WTPUX, KaK U npeme, O03HAYAET CYMMHUPOBa-

HHE ITO BCEM HCUYCTHBIM YHCJIaM, MCHBIIIHUM #.
CJ'IeI[OBaTeJ'H:HO, CIipaBeaJInBO PaBCHCTBO!

i(kk—“f +2-2 1))

k=1
’

/R
:—T—F(zk—z) +o(1).

k=1

Takum o6pazom, psin (15) cxogurcs u ero cym-
2
Ma paBHa 5 Teopema nokazaHa.

Teopema 4.3. [lycms . — onepamop, nopooic-
Oennwlii (3) u Kpaegvimu yci06usmiu iii). I 020a pso
3h

(16) cxooumcs u eco cymma pasna 5

JMokazarenberBo. Yucna z (oM. Teope-

My 3.3) SIBASIOTCSI TIOJIOKUTEIBHBIMH KOPHSIMU

h2 sin’ z

f(z)=cos2z(1+ (—itg2z -— 060-

cos2z
3HAYUM 4Yepes 7y, Opr>KHOCTI/I Ha KOMILUIEKCHOM

IJIOCKOCTH € LICHTPaMHK B HAYAJIC KOOPAUHAT U pa-

T on
Ny CaMH, PaBHBIMHU 3n+5 OtmetuMm, uTo f(2)

h
yeTHast, (yHKLHS ~= 1g2z —— OrpaHu-

z° cos2z
YeHa Ha Y, HEKOTOPBIM YHCJIOM, He 3aBI/IC$IH_II/IM oT
h h* sin’z
n, a pynkims In(l+(-—1g2z —— )) rono-
2z z" cos2z

mopdHa Ha y, mpu Gombmux #. B cumy Teopemsr
KOH_H/I O BEIUCTAX Hoﬂqu/IM:
Z 1
2N A, =— | Zd(Incos2z) +
kz,f ¥ 2m'J ( )

+sz d(ln(l+(——tg22—h— sin” 2
2mi

Ya

0 =

cos2z

Lt 1 1
=2y —(—+k) ——x
;4(2 Ly

h h* sin®z 1 A& h* sin®z
x| 2z((-—1tg2z —— ——(—122z+ =" P)dz+ o) =
J 2 2z aeF z* cosZz) 2(22 gt z* cosZz) Mo ()

g 0}
2 2 .
thtg22d2+i"|.h—tg 22d2+iv 2k sin Z i+
¥ miy 4z i) z cos2z
n 2h2 n ( l)
+o(N=2Y —(—+k) -
= 2 ( ) T ;{2k+l

—zn—hzz(i%) +o(l).

k=1
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CrnenoBarenbHO, CIIPABEAIMBO PABEHCTRO! IMpun — 4o
n 2 1 2 n _ k
2 A, —n—(—+k +ﬁ = cymMMa EQ CTpEeMHTCA K - .
i 4\2 2 i 2k +1 4
, Taxum o6pasom, psx (16) cxonutes u ero cym-

hZ n (_l)k hZ LIS 3h2

=-= Y = | +o(). _3n
= kz:f i+l kz:f e 1) Ma paBHa = Teopema nokazana.

Cnucok uTeparypsl

1. Casuyx A.M., Iixanuxos A.A. Oneparopst HItypma—JInyBHunt ¢ CHHIYJSIPHBIMH TIOTCHIMAnmamMu // Maremar.
3amerkd. 1999. T. 66, No 3. C. 847-912.

2. Casuyx A.M., lxanuxos A.A. Oneparopsi LTy pma—JIny BUIDIA ¢ mOTEHITHAIaMHU-pacnipeneneHusvu // Tp. MMO.
2003. T. 64. C. 159-212.

3. Mupsoes K.A. Oneparopsr HItypma—JInysumns / Tp. MMO. 2014. T. 75, em. 2. C. 335-359.

4. Casuyx A.M. Peryrapu3oBaHHBIH Cle mepBoro mopsiaka omeparopa HItypma—Jluysunns ¢ 6-moteHumamoM //
Yemexu maremar. mHayk. 2000. T. 55, Ne 6. C. 155-156.

5. Casuyx AM., Ilxamixoe A.A. ®opmyna cmema nns omeparopos Itypma—JIMyBHIIIT C CHHIYJLIPDHBIMH
noteHnuamamu // Maremar. 3ametku. 2001. T. 69, No 3. C. 427-442.

References

1. Savchuk A.M., Shkalikov A.A. Operatory Shturma-Liuvillya s singulyarnymi po-tentsialami [Sturm-
Liouville Operators with Singular Potentials]. Matematicheskie zametki [Mathematical Notes], 1999, vol. 66, no. 3,
pp. 847-912.

2. Savchuk A M., Shkalikov A.A. Operatory Shturma-Liuvillya s potentsialami-raspredelenivami [Sturm-
Liouville Operators with Distributional Potentials]. Trudy moskovskogo matematicheskogo obshchestva, 2003, vol. 64,
pp. 159-212.

3. Mirzoev K. A. Operatory Shturma—Liuvillya [Sturm-Liouville Operators]. 7rudy moskovskogo matematicheskogo
obshchestva, 2014, vol. 75, no. 2, pp. 335-359.

4. Savchuk A M. Regulyarizovannyy sled pervogo poryadka operatora Shturma—Liuvillya s o6-potentsialom
[Regularized Trace of the First-Order Sturm-Liouville Operator with &-Potential]. Uspekhi matematicheskikh nauk
[Russian Mathematical Surveys], 2000, vol. 55, no. 6, pp. 155-156.

5. Savchuk A.M., Shkalikov A.A. Formula sleda dlya operatorov Shturma-Liuvillya s singulyarnymi potentsialami
[Trace Formula for Sturm-Liouville Operators with Singular Potentials]. Matematicheskie zametki [Mathematical
Notes], 2001, vol. 69, no. 3, pp. 427-442.

doi: 10.17238/1ssn2227-6572.2016.1.104

Konechnaya Natal’ya Nikolaevna

Institute of Mathematics, Information and Space Technologies,
Northern (Arctic) Federal University named after M. V. Lomonosov
Uritskiy str., 68, Arkhangelsk, 163002, Russian Federation;

e-mail: n.konechnaya@narfu.ru

112



Koneunast H.H. u ap. AcumMnToTrika COOCTBCHHBIX 3HAYCHUH U PETY/SIPU30BAHHBIH CJIC/ ICPBOTO TIOPSAKA. ..

Safonova Tat’yana Anatol’evna

Institute of Mathematics, Information and Space Technologies,
Northern (Arctic) Federal University named after M. V. Lomonosov
Naberezhnaya Severnoy Dviny, 17, Arkhangelsk, 163002, Russian Federation;
e-mail: t.Safonova@narfu.ru

Tagirova Rena Nasirovna

Institute of Mathematics, Information and Space Technologies,
Northern (Arctic) Federal University named after M. V. Lomonosov
Naberezhnaya Severnoy Dviny, 17, Arkhangelsk, 163002, Russian Federation;
e-mail: tagirova_rena@mail.ru

ASYMPTOTICS OF THE EIGENVALUES AND REGULARIZED TRACE
OF THE FIRST-ORDER STURM-LIOUVILLE OPERATOR WITH $ -POTENTIAL

One of the interesting problems of the spectral theory of operators is the study of asymptotic
behavior of the distribution function for the large values of the spectral parameter A . A particular
case of this problem is to study the asymptotics of the eigenvalues, eigenfunctions depending on the
properties of the coefficients of differential expressions and to obtain the formulas of regularized trace
for the corresponding operators. The significant results for the differential Sturm-Liouville operator
generated by the expression —y(x) + g(x)y(x) and self-adjoint boundary conditions in space L [a, b],
with a continuously differentiable potential were obtained by I.M. Gelfand, B.M. Levitan in 1953. More
recently, A.A. Shkalikov, A.M. Savchuk in their papers first obtained the asymptotics of the eigenvalues,
eigenfunctions and the formula of the regularized trace for the Sturm-Liouville operators on a finite interval
with singular potentials that are not locally integrable functions, and Dirichlet boundary conditions. At the
same time, the definition of the Sturm-Liouville operator with the first order distribution potential as an
operator generated by the quasi-differential second order expression with locally summable coefficients
first presented in the papers of A.A. Shkalikov and A.M. Savchuk was applied. This approach allowed us
to investigate in this paper the asymptotic behavior of the eigenvalues and obtain the formulas of the first
order regularized trace for the operators generated by the expression —y'(x) + h6(x)y(x) where d(x) — d
— Dirac delta function, % € R, and some self-adjoint boundary conditions in space L [-1, 1], namely by
the conditions of the type ) y(—1) y(1) = 0; i) y(=1) = yWI(1) = 0; iif) y(—1) = yI(1) = 0; /v) y(=1) = y(1),
y(=1) = y"(1). The corresponding transcendental equations were established to get the asymptotics of
the eigenvalues of these operators. Further analysis of the equations allows us to obtain the formulas of
the first order regularized trace for these operators.

Keywords: quasi-differential operators, Sturm-Liouville operator with é-potential, asymptotics of the
eigenvalues, reqularized trace of the operator.
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