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The problem of semigroups approximation with respect to various predicates has been investigated by many
scientists. Some necessary and sufficient conditions for the semigroups approximation with respect to such predi-
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cates as “equality”, “membership of an element to a subsemigroup”, “regular conjugation relation”, “Green ratio
of L-, R-, H- and D-equivalence”, “membership of an element to a monogenic subsemigroup”, etc. were obtained.
However, there were practically no results on the conditions of approximation with respect to the predicate of
membership of an element to a subgroup of a given semigroup. The paper presents the necessary and sufficient
condition for approximation with respect to this predicate. We constructed a special semigroup acting the role of a
minimal approximation semigroup for many predicates. This semigroup has neither identity nor additive identity.
It contains an infinite number of idempotents, and the presence of each idempotent is mandatory. By this semi-
group, we have successfully solved the problem of approximation with respect to the predicate of membership of
an element to a subsemigroup. A class of semigroups is also described, for which it is the minimal approximation
semigroup. We obtained a criterion for the approximation of a semigroup with respect to the Green H-equivalence.
The problem of algebraic systems approximating with respect to a predicate consists of three components: a set
of algebraic systems (groups, semigroups, etc.); set of predicates; set of functions (homomorphisms, continuous
mappings, etc.). The change of one of these components determines a new line of research.
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A common concept of approximation of the al-
gebraic system is represented by the Russian acad-
emician A.I. Mal’tsev [1, pp. 450—462]. In the ar-
ticle, Mal’tsev demonstrates a connection between
a finite approximation of the algebraic system with
respect to a given predicate and a problem of its
solvability in the system. A notion of a finitely
approximable semigroup is also mentioned with
some results on the semigroup approximation.

The problem of semigroup approximation with
respect to various predicates has been investigated
intensively during the past decades by Professor
M.M. Lesokhin [2] and his students [3—8]. They
have found necessary and sufficient conditions for
semigroups approximation with respect to many
important predicates, such as “equality”, “mem-
bership of an element to a subsemigroup”, “regular
conjugation relation”, “Green ratio of L-, R-, H-
and D-equivalence”, “membership of an element
to a monogenic subsemigroup”, etc.

A lot of research are dedicated to the semi-
group approximation with respect to various pre-
dicates of important semigroup classes (a class of
separative and commutative semigroups, a class of
commutative, separative and periodic semigroups,
a class of commutative, regular and periodic semi-
groups, a class of inverse and regular semigroups),
but there is no result on the approximation with
respect to the predicate of membership of an ele-
ment to a subgroup. In this article, we present a
necessary and sufficient condition for approxima-
tion with respect to this predicate.

The problem of finding minimal approxima-
tion semigroup was proposed by M.M. Lesokhin
[9, 10]. We consider the problem of approximation
of semigroups with respect to different predicates.
Given a class of semigroups, we intend to find out
a minimal approximation semigroup. For some
predicates of approximation, the presence of an
identity and a zero element is required, especially
for a predicate of membership of an element to a
subsemigroup, which not only requires the pre-
sence of an identity element, but also an external
attached identity. We have created a special semi-
group, which acts as a minimal approximation

semigroup for many predicates. It has no not only
identity, but also a zero element. It contains an in-
finite number of idempotents and the presence of
every idempotent is mandatory. We have success-
fully solved the problem of the minimum approxi-
mation semigroups of the predicate of membership
of an element to a subgroup.

Preliminaries

Let A and B be two semigroups, @ be the set of
all homomorphisms from the semigroup A4 to the
semigroup B, P be the predicate that is defined on
a set that consists of 4, all subsets d(4) of 4 and
all images of 4 and of d(4) under the homomor-
phisms from .

Definition 1. Let Q be the set of all prime num-
bers. Let G (peQ) be the quasicyclic group of the
type p”* with identity e, and with an operation de-
noted by @ . Put C"'= UG (peQ). Define in C

.4 P . .
as a multiplication as the foflowmg: for all ae Gp,
aeqG ,
q q

a,®,a, ifp=q;
a,*a,= Drax( ) if p#q and max{p,q}>3;

e, ifp#q and max{p,q}=3.

Direct calculations show that C*= (C",*) is a
semigroup, a semilattice of groups G,,pe0.

For simplicity, in this article we use a a_ in-
stead of a, *aq.

In this article, we consider @ as all homomor-
phisms from the semigroup A4 to the semigroup C".

Definition 2. A semigroup A is said to be ap-
proximable by homomorphisms from ® with re-
spect to P, if for a pair of subsets 4, 4, from 4
such that P(4,, 4,) is false, there exists pe® such
that P(p(4,),9(4,)) 1s also false.

Definition 3. A semigroup B is called a minimal
approximable semigroup for a class K with respect
to P, if the following three conditions are hold:

(i) Any semigroup A€K is approximable with
respect to P by homomorphisms in B;

(if) If a semigroup S is approximable with re-
spect to P by homomorphisms in B, then SeK;

(iii) If B, is a proper subsemigroup of B, then
there exists a semigroup 4€K such that 4 is not

134



Dang V.V. et. al. Semigroups Approximation with Respect to Some Ad Hoc Predicates

approximable by homomorphism in B, with re-
spect to P.

Definition 4. Let A be the semigroup. Consider
a binary relation on A4 as follows: for all x, y € 4
x,y)enes @, yel)vx,yel forevery com-
pletely isolated ideal / of the semigroup A.

The binary relation 1 is the least semilattice
congruence on A4.

Definition 5. A subsemigroup F' of a semi-
group A is called a filter of 4, if for all x, y € 4
xy € Fimpliesx, y € F.

Denote N (x) as the least filter of a semigroup 4,
which contains an elementxand N = {y € 4| N(x) =
= N(y)}. Then N_ be a n-class, which contains the
element x and we have: NN =N :N.=N;NN=
= NN ([11], Proposition 2. 9).

Other definitions and terms used in this article
can be found in [12, 13].

Approximation of semigroups

Lemma 1. Let G, be a subgroup of the semi-
groupA and e be the 1dent1ty of G, . If N, contains

,then G, < N

Proof Assume thatg € G, and 8EN,.
Letge N, N,#N, andg' ¢ N_,

We haveg ge,g'=g'e,gg —eo, SO
Ny =Ny ,N =N_ N . =N,.

g
Next g = ge,= ggg', hence
N,=N, =N_.=NNN_=NN_=N,.

This contradicts with the assumption. Thus,
every subgroup of semigroup 4 completely belongs
to one n-class.

Lemma 2. For any N and any homomorphism
@: A— C" an image @(/V,) belongs to one maximal
subgroup of the semigroup C".

Proof. Assume that x, y € N < xny are such
that p(x) € N, o(y) € N and p # g.

Suppose that p > g. Let us consider a set:

q—{teC|ee¢e}

where e, and e, are identities of maximal sub-
groups, contalmng t and ¢, respectively.

J is a completely isolated ideal of the semi-
group C".

Denote J,= {x e A|Jy € J, o(x) =y}.

Since J, = (p*l(Jq) and Jq is a completely iso-
lated ideal, then J, is a completely isolated ideal of
the semigroup 4.

We have ¢(x) € J, ¢(y) € J,s0x € J, and

¢ J, where J, is a completely 1solated 1deal It
means that (x, y) ¢ 7M. This result contradicts with
the above assumption.

Thus, p = g and (N ) belongs to one maximal
subgroup of the semigroup C”

We are now in the position to prove the main
result of this article.

Theorem 1. Assume K is a class of semigroups
A satisfying the condition: every class N, of the
semigroup A that contains an idempotent is an
abelian group. The semigroup C”is a minimal ap-
proximable semigroup for a class K with respect
to the predicate of the possible membership of an
element to a subgroup of 4.

Proof. We follow the Definition 3.

1. Let Ae K. We show that A4 is approximable in
C" with respect to membership of an element to a
subgroup of 4.

If the semigroup 4 does not contain a subgroup,
then the conclusion of the theorem is trivial.

Let a € 4 and G, be a subgroup of 4, which
contains the identity e and a¢ G,

A congruence 1 on the semlgroup A divides
this semigroup into m-classes, therefore the ele-
ment a belongs to some 1-class N According to
the Lemma 1, we have G, c N,

Forn- classes N, andN there are two cases:

a) N, #N,,

Since n is a semilattice congruence, then
N,N, #N,or NN, #N,.

Suppose that, N,N, # N, (the second case
N,N, #N, is similar).
Consider a homomorphism ¢: 4— C'defined
in the following way: for all x € 4
e,, if NN,=N,;
o(x)= .
e, if NN,#N,,
where p > g >2.
We have ¢(a) =e,, ¢( G, )=e,s0¢p(a) & ¢(G, ).
by N, =N, .
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From the condition of the theorem we have that
N, is an abelian group, so by [14], Theorem 2, N,

is approximable by homomorphisms : N, > c-.
We have to extend v to all 4.
N, is a subgroup, so W(N, )is a subgroup of

C*, by the Lemma 2, \y(N ) belongs to one maxi-
mal subgroup G, < o

We have\y(a)eG (G, )G, , andy (a) ¢

£vy(G,).
Let us consider a map w: A— C'; forall x € 4

€, if NXNeO iNEO,
u(x)— \V(xeo), if NN, =N,,

where p > p, and p > 3.
Forallx € 4, 1fNN N, thenxe, €N N, =
= N, , so the definition of the" map is correct
We shall demonstrate that L isahomomorphism.
Leta, b € A,a € N, b € N,. There are only
two cases:
a) NN, #N, . Hence p(a)=e, and p(a)u(b) =
=e.
I N,N, =N, then N, # N N, =NN, N, =

N,N, = N, .ltis not possible.
SoN, N, # N, hence p(ab) =e = u(a)u(b).
b) N,N, =N, and N,N, =N,.
If N,N, #N, ,then

N, #N,N, =N,N,N, =N,N, N,N, =N, N, =N, .

It also is not possible. So N, N N

We have w(ab) = wy(abe, ) \V(a(be ) =
= y((ae)(be))) = W(@)u(b).

It implies that p is a homomorphism 4 — C*
and p|N, =y, hence y(a) ¢ y(G, ).

2. Let A be the semigroup and A is approxi-
mable by homomorphisms in C*. We need to show
that AeK.

The semigroup 4 is approximable with respect
to the predicate of the possible membership of an
element to a subgroup, so 4 is approximable with
respect to the predicate of the possible member-
ship of an element to a maximal subgroup.

In this case, every n-class N, containing an idem-
potent, is a group. We show that N, is commutative.

Suppose that there are two elements a, b € N,
such that ba # ab.

Hence a'b'ab # e = a'b'ab ¢ {e}, there-
fore, there is a homomorphism 7, such that
x(a 'blab) ¢ y({e}).

It is not possible, because of the Lemma 2,
x(a 'blab) =e € y({e}).

We have proved that ba = ab, hence N, is an
abelian group.

3.Let C; be a proper subsemigroup of C".

We need to find out a semigroup 4 € K, such
that 4 is not approximable into C; .

Let’s consider two cases:

a) C, does not contain all idempotents of C".

Suppose that e, ¢ C;, hence G,z (.

Select a semigroup 4 as a cyclic group with
order p and the identity 1,

Certainly, 4 € K.

For any homomorphism: 4 — C| , forallg € 4

e, =o(l)=0(g")=(o(2))"-

Every element of C; (except idempotents) has
an order different from p, so forall g € 4 ¢(g) is an
idempotent and ¢(A4) contains only one element.

Thus A is not approximable in C; .

b) C, contains all idempotents of C*

As C] isa proper subsemigroup, there is an
element g eC*\C;.

Suppose that g€ G, and g have an order qr.

So, C does not contam cyclic subgroups of
orders qo,whereh k,ky+ 1,k +2,.

Let us select a semigroup A as a cyclic group
order qo " with an identity 1.

Let p: 4> C

Let a be the element of 4 and a has an order
divided by ¢,

Because @(4) is a subgroup of C,, so any
¢(4) < G, (for some prime number p,# q,).

At that time o(4)=e, , or ¢(4)cG, and

o >
¢(4) has an order less or equal to ¢,°'. Thus,
o(a)=e, (because the order of the element a is
divisible' by qre™).

Hence, the element a and the subgroup 1, are
found in such a way, that for all ¢ @(a) = @(1 ).

The Theorem 1 has been completely proved.
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Let us denote A'a=Aava;ad' =adUa ; alb
if two elements a and b do not belong to Green

L-relation, similarly for arb; adb; ahb.

The definitions of Green Relations: L-, R-, D-,
H-equivalency are in [13, p. 47]. Note, that for the
considered above congruence 1 the ratio H < 1 is
performed.

Theorem 2. A semigroup 4 is approximable by
homomorphisms from ® with respect to Green re-
lation H-equivalency if and only if the semlgroup
A is inverse and completely regular semigroup.

Proof. We prove necessary and sufficient con-
ditions.

1. We prove a necessary condition. We know that
if Va, b € A ahb, then adb. We show that, in this
case, adb implies ahb. Suppose that there exist two
elements a, b € A, such that adb but ahb.

Because the semigroup 4 is approximable with
respect to ~-equivalency, there is a homomorphism
¢ € O, such that o(a)h ¢(b).

Since @(a), ¢(b) € C’, then ¢(a)eG, and
¢(b)eG,, forsomep . p,.

There are two cases:

a) p,= p,= p,- Then ¢(a) = ¢(a)e, = (p(a)x
x (b )e(b). Hence p(a)lp(b) and ¢(a) =¢,, ¢p(a) =
= o) (@(b)(a)).

It follows that @(a)re(b) and @(a)he(b). This
contradicts with the assumption.

b) p, #p,. Suppose that p > p,.

Because of adb, then there exists an element
x € A, such that alx and xrb. Hence A'a = A'x and
xA'= bA1 therefore there exist elements ¢ and d
from 4, such that

x=ca and b = xd, hence b = cad.

So we have @(b) = ¢(cad) = ¢(c)p(a)(d).
Because ¢@(c)p(a)p(d) €G,, where p =
=max{ p, .P, P} =P, D, and two maximal
subgroups of C” cannot have the common element,

hence ¢(b) = @(c)p(a)p(d) cannot take place.

Thus adb follows ahb, and in A the D-class is
coincident with the H-class.

Let us assume ahb, but abha . Then there ex-
ists a homomorphism y € ®, such that y(ab)hy(a).

From adb we derive that a = x bx,, b = y,ay, for
some x,, x,, ¥,, ¥, € 4.

Hence y(a) = yx(x)x(b)x(x,) and x(b) =
= x0)A(@x ().

It follows that x (@) and y(b) must be in the same
maximal subgroup of C*, consequently, y(ab) and
% (@) must be in the same maximal subgroup, and
x(ab)hy(a). This contradicts with the assumption.

Thus abha, and by [13, p. 87], a class H_be a
group, and 4 is completely regular semigroup.

We show that every element of 4 has a unique
inverse element.

Let us suppose that the element a has two
inverses b and c. Because H  is a group, then either
b e H orc e H_. Letus assume that b e H . Then
¢ ¢ H_(in the opposite case, a and ¢ are mutual
inverse, hence ¢ = b). By the condition of the
theorem, there exists a homomorphism p € @,
such that p(c) ¢ w(H ).

We have that ¢ and a are inverse, then aca = a
and cac =c.

Hence p(a)u(c)u(a) = w(a) and p(c)u(a)p(c) =
= u(c), consequently p(a) and p(c) must be in one
maximal subgroup of C" and w(a)hu(c). It also
cannot take place.

Thus A4 is the inverse completely regular
semigroup.

2. We prove a sufficient condition. Let 4 be the
inverse completely regular semigroup, then 4 is a
union of not intersecting groups A=U,_, 4, and
idempotents of 4 are commutative.

Let us assume that g, b € 4 and ahb . Because
any two elements of a subgroup of the semigroup
A are h-equivalent, then a and b belong to diffe-
rent maximal subgroups of the semigroup 4. Let
acd,,bed, . Since e # e, then either ee, # e,
oree,#e,.

Assume thatee, # e .

Consider a set defined as follows:

I, ={ecE|ee,#e,}.

Let us assume that e€ /, , thatis ee # e . Then
for any f'e E, we have efe # e . In fact, if efe =e,
then e = efe = eefe =ece # e,

Consequently efel,, that is I, is an ideal

and £ \ [, is a subsemlgroup of the semigroup
E, from which I, is a completely isolated ideal.
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Consider a map t: 4 - C” defined as follow:
forallx € 4

t(x)z{eq’

if xed, ,ande ¢1,;

e

., if xed,,ande €1,

for any two simple numbers p, g, where p > g > 2.

Because 7, isacompletely isolated ideal, then
T is @ homomorphism and t(a) = e,b)=e, that
is t(a)ht(b).

The Theorem 2 has been completely proved.

Conclusion

The problem of approximation of semigroups
consists of three components. The first component
is a set of algebraic structures such as groups, finite
groups, semigroups, compact semigroups, fields,
etc.; the second component is a set of predicates;
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*XOUIMMUHCKUH MOJUTEXHUYECKUH YHUBEPCUTET
(. XommmuH, BeeTHaM)

**CeBepHBIN (ApKTHYCCKHUH) (enepanbHbIil yHIBepcuTeT nMeHH M.B.JlomoHOCOBa
(. ApxaHrenbcK)

***] [eHTp MH(MOPMAIIMOHHBIX TEXHOJIOIUH U CUCTEM OPraHOB UCIIOJIHUTEIbHOM BIACTH
(Mocksa)

AIIITPOKCUMALIUSA TOJNXYTPYIIIT OTHOCUTEJBHO HEKOTOPBIX
CHEIUAJIBHBIX ITPEAUKATOB

Mpobrnema annpokcMMauun Monyrpynn OTHOCUTENBbHO pasnuYHbIX MpeavKkaToB uccregoBanach
MHOTMMW yYeHbIMU. Bbiny HargeHbl HEOOX0ANMbIE U AOCTaTOYHbIE YCIOBMS annpoKcumMauum nonyrpynn
OTHOCUTENbHO TakuUX NPeauKaToB, KakK «PaBEeHCTBO», «NPUHAOSIEXHOCTb afieMeHTa nognonyrpynney,
«OTHOLLEHWNe PerynsipHoro CrpsbkeHus», «oTHoweHus MpuHa L-, R-, H- n D-skBuBaneHTHOCTU», «npwu-
HaOIeXHOCTb 3fIeMEeHTa MOHOIEeHHOM NOANonyrpynne» U T. 4., OAHAKO NPaKTUYecKn He Obino pesyrb-
TaToB 06 yCnoBuMsX annpokcumauum OTHOCUTENBHO NpeauKkaTa NpuHageXxXHoOCT aneMeHTa nogrpynne
AaHHoun nonyrpynnel. B ctatbe HangeHo Heobxognmoe 1 JOCTaTodMHOE YCMOBME ANS annpoKkcumaumm
OTHOCUTENbHO Takoro npegukaTa. [ng aToro npuBeaeHa KOHCTPYKUUSA cneumnansHOM Nonyrpynbl, KOTo-
pas urpaet porib MMHUMAaIrTbHOW NOMNYrpynnbl annpoKcMMauumn Ang MHOrmx npegukaToB. [JaHHas nony-
rpynna He UMeeT HWU eOQuHWLbI, HU HyneBoro anemeHTa. OHa cogepXuTt 6ecKoHeYHoe YnCno naemno-
TEHTOB, U NPUCYTCTBME KaXA0ro naemnoTeHTa sBngetcd obssatensHbiM. C NOMOLLbIO 3TOW NONyrpynnbl
yCMEeLHO pelleHa 3agadya annpokCcMMaLmMm OTHOCUTENbHO NpeavKaTa NpuHaaexHoCTy arneMeHTa noa-
rpynne. Takke onucaH Knacc nonyrpynn, Ans KOTOPOro OHa ABMSETCS MUHUMAanNbLHOW NOMNyrpynnon an-
npokcmmMaumu. MonyyeH KpuTepuin annpokcumauum nonyrpynnbl OTHOCUTENbHO H-3KkBMBaneHTHOCTH
lpnHa. OTMeTUM, YTO 3afadva annpokcMMaumm anrebpanyeckmx CMCTeM OTHOCUTENBHO NpeankaTa co-
CTOUT M3 TPEX KOMMOHEHTOB: Habop anrebpanyecknx cuctem (rpynnbl, NONyrpynnbl U T. 4.); Habop npe-
ankaToB; Habop yHKUMIA (roMOMOPPM3MbI, HEMPEPbLIBHbIE OTOBpaxeHus U T. 4.). iameHeHne ogHoro
N3 3TUX KOMMOHEHTOB ONpeaenseT HOBOe HanpasreHne NccneaoBaHun.

Knroveenie cnoea: ariripoKkcumauus rionyepyriri, arrnpokcumayusa omHocumesibHo npeOUKama, MUHU-
MaribHas riosiyepynna arrpokcumauyuu.

[ocrynuna 22.12.2016
Received on December 22, 2016

Konmaxmmnoe nuyo: Kopadensmukosa Cretiana FOpseBHa, adpec. 163002, . Apxanrensck, Had. CeBepHnoii J{Bu-
HBI, 1. 17; e-mail: kmv@atnet.ru

For citation: Dang V.V., Korabel'shchikova S.Yu., Mel'nikov B.F. Semigroups Approximation with Respect to
Some Ad Hoc Predicates. Arctic Environmental Research, 2017, vol. 17, no. 2, pp. 133-140. DOI: 10.17238/issn2541-
8416.2017.17.2.133

140



