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IHOJIOBUHHKHHA Hnaua Cmanucnagoéna,
Kanouoam QuauKo-mamemamuieckux HAayK, OOYyeHm
Kageopvl NpuKkiaoHol MAamemMamuxki U 6blCOKONpOo-
U3600UMENbHBIX BLIYUCTEHUL UHCIUMYMA Mamemda-
MUKY, UHGOPMAYUOHHBIX U KOCMUYECKUX MEXHONO02UL
CesepHozo (Apxmuueckoeo) gedepanvroeo yHusepcu-
mema umenu M.B. Jlomonocosa. Aemop 37 nayunwix
nybonukayuti, 8 m. 4. mpex yueOHuIX nocooull

MOJH®HKAITHA HTEPALTHOHHBIX CILTAHHOB
110 MHOTOYJIEHAM BEPHIIITEHHA

s MHOTOUNeHOB bepHInTeiiHa U psAja UX KIaCCHYECKUX 00OOMICHUH, OTHOCAIIMXCS K KJIACCy JTMHEHHBIX
TIOJIOKHUTENBHBIX OMEPaTOPOB, U3BECTHO, YTO C YBEIUYCHUEM DIIAJIKOCTH (DYHKIIMH TOPSJIOK €€ MPUOIMKCHUS
TaKMUMHU OIlepaTopaMy He yilydllaercd. A MMEHHO, HaJUu4yue NPOM3BOJHOM BBIIIE BTOPOrO MOpPsSAKa MEepecTaeT
BJIMATH Ha YBEJIMYEHHUE CKOPOCTH CXOAUMOCTH MHOTrowIeHoB bepHiuTeiina k nmopoxaatomeit gpyuxmuu. Ipu stom
MHorousieHbl bepHInTeiiHa 00agaroT 3aMeuaTeIbHbIM CBOHCTBOM OJTHOBPEMEHHOTO MPUOIMKEHUS PYHKIMH U €€
MIPOU3BOHBIX, YTO JETacT UX YIOOHBIM HHCTPYMEHTOM JIJIsl IPUMEHEHHUS B TIOCTPOCHUN PA3JIMYHBIX YUCICHHBIX
Mozerelt (HarmpuMep, IUTS armpoKCHMAINN HCXOAHBIX JaHHBIX MOHHUTOPHHTA B BBIYHCIUTEIBHBIX aJTOPHTMAX).
Cy1ecTByeT HECKOJIBKO MOAXOI0B K MOIYYEHHUIO MMOCIEN0BaTeIbHOCTEH MOJMHOMHAIBHBIX ONEPaToOpPOB, KOTO-
pblie pemianu Obl MpodiieMy CKOPOCTH anmpoKCUManuu HernpepbiBHO auddeperunpyembix Gynxnuii. Yae Bcero
peyb UAET O MOCTPOCHUH HEKOTOPHIX MOAUDUKAIIUI UCXOIHBIX MHOTOYJICHOB, HAIIPUMED OCIIEA0BATEIBHOCTEH
OepHIITeitHOBCKOTO THTA, Mo duKkanuii Kupoa. B crarke npemaraetcs NpUHIMITHAIBHO IPYToi criocod 0600-
IIEHUs KJIACCUYECKUX MHOTOUJIEHOB, TO3BOJISIOLINNA COXPAHUTD UX JIMHEHHOCTD U MOJIOKUTEIBHOCTD, a ClIe10Ba-
TEJIbHO, U OCHOBAHHBIE HA 3TOM METO/IbI I0Ka3aTeIbCTBA YTBEPKIACHUN, HO TIPH STOM NMPUBOASLIUHN K [TOTYYSHHIO
OIIepaTopoOB, PEArupyONIUX Ha MOBBIIICHUE TIAAKOCTH (QyHKIMH. J[Is 9TOro CHadajga CTPOSTCS UTEpalluOHHBIC
CIUTaliHBI 10 MHOTOYJICHaM bepHITeiiHa, uMeronue 0oee BBICOKYH CKOPOCTh CXOIMMOCTH K MOPOXKIAIONICH
(YHKIHH, 9eM HCXOIHEIE OTepaTophl. JlJIsi HUX MPUBEIEHBI COOTBETCTBYIOIINE TEOPEMBI 00 ammmpoKCHMAIHU He-
MPEPBIBHBIX U AKX (DYHKIMH, TaHbl OLIEHKU LIEHTPaJIbHBIX MOMEHTOB. I10Ka3aHo, 4To, HECMOTpS Ha yBEIUYe-
HUe 0011Iel CKOPOCTH CXOJMMOCTH, IIOCTPOSHHBIE CIUTAHBI 00J1a/IaI0T TEM K€ HEIOCTAaTKOM, YTO U IOPOXKIAIOIIHE
WX MHOTOYJICHBI: MPUOIMKCHNE C UX MIOMOIIBIO (DYHKIIMH, IMEIOIIUX ITPOU3BOIHYIO BBIIIIE BTOPOTO MOPsIKA, HE
yIydmraeTcs. 3areM M3y4aloTcsl Takne MOAM(UKAIIMK PACcCMAaTPUBACMBIX CIUIAMHOB, MOPSIOK CXOIXUMOCTH KO-
TOPBIX K MOpOXKIAromed (DYHKIUH CYIICCTBEHHO YBEIMYMBACTCS C IOBBIIICHHEM e¢ MIaakocTH. MccaemnyroTes
OCHOBHBIE MPHUOJIMKAIOIINE CBOWCTBA MOJIyYEHHBIX IMOCIIE0BATEILHOCTEH OMepaTopoB, JOKA3bIBAIOTCS COOTBET-
cTBylolue TeopeMsl Tuna Ilonosuuny u BopoHoBckoii—bepHinTeiina.

Knroueevle cnoea: umepayuonnwlii cniaiin, Mmuo2ouieHvl bepnwmerina, moouguxayuu.

© IMonosunkuna FO.C., 2015
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OnHUM M3 OCHOBHBIX HAIIPABICHUN TEOPUU
annpoKCUMALIMU HEMIPEPBIBHBIX HA OTPe3Ke (PyHK-
AN ABJISIETCA TEOPHUS JIMHEHWHBIX OIEPaTOpPOB.
[Ipubnmxkaronye CBOMCTBA IMOCIIENOBATENBHO-
CTEH TaKMX OIEPATOPOB, BO3ZMOXKHOCTb HAXOXKJE-
HUS OLIEHKU OTKJIOHEHUS B CIIy4ae 3aMEHbI HCXOJI-
HOU ()YHKIIMU COOTBETCTBYIOIIUM OIIEPATOPOM BO
MHOI'OM 3aBUCAT OT MX IOJOXKHUTEIbHOCTU. YacT-
HBIM CJIy4aeM JMHEWHBIX OJO0XKHUTEIbHBIX OIEpa-
TOPOB ABJIAIOTCS MHOTOYIEHB!I bepHITeiHA, KOTO-
phle ams Kiacca (byHKum”I feC[0;1] umerot BU

Zf(/)pnk x),

P (x) =Clx* (1 — x)

U xoTs1 11 HenpepbIBHO AudQepeHmpyeMon Ha
oTpeske QyHKUMM omneparopsl B (f, x) ocymiect-
BJISIFOT OJJHOBPEMEHHOE PaBHOMEPHOE MpUOIMKe-
HUE (PyHKIIUU U ee MPOM3BOIHBIX, OHU 00Ja1at0T
cymiecTBeHHbIM HenocTtatkoM. E.B. BoponoBckoit
B [1] 6b110 TOKa3aHO, UTO CKOPOCTh MPUOIMKEHUS
muddepeHuupyemMbix  (QYHKIMA MHOTOYJICHAMH
Bepnmreiina B (f; x) HE PacTeT ¢ yBEIMYEHUEM
HOpsIIKa TIaJKOCTH (YHKUIMHU BBIIIE BTOPOTO, a
UMEHHO, OH paBeH O(n').

MHorousnensl bepHiureliHa sIBISIOTCS 4acT-
HBIM CIly4aeM JIMHEHHBIX TOJIOKHUTEIBHBIX OIIe-
paTopoB KaHOHUYECKOIO INOpsIKa, XapaKTepu-
3YIOUIMXCS HEKOTOPOW  3a/JlaHHOM  CKOPOCTBIO
yOBIBaHMSI CBOWX 3HAUEHWU jUid QYyHKIMNA BUJA
(t—x),v=0,1, 2..., Ha3pIBaeMbIX [IEHTPATHLHBIMU
MOMeHTaMu. B paboTax pa3nn4HbIX MaTeMaTHKOB
IpeUIarajiuch MOClIeA0BaTeIbHOCTH ONePaToOpoOB,
KOTOpBIE yaydIlagn Obl Ka4eCTBO MPHOIMIKCHUS
mankux Gyakiuii. B wactHoctu, B.C. Bunenckwuii
[2] u TIIL Tlenguna [3] mpenoXuiau Tak Ha3bl-
BaeMble OEPHIITEHHOBCKUE MOAU(PHUKAIIMH Onepa-
TopoB. [locienoBareIbHOCTH CTPOMIUCH CIIETYIO-
M 00pa3oM:

B \(f; x) = B ,(f; x) = B (f; x),

an<f;x>=8nv(f;x>—i%'5k (B,5%): B,k (f32),

k=2
v=>3.

s Takux mMomuduKamid, TOCTPOCHHBIX IS
byukiuu f'€ CY[a; b], v> 2, iMu I0Ka3aHa OIICH-
Ka BUa

K(m)x(1-x)

1By (f53) = () [ = (f"”);%), (1)

n
rae K(m) — KOHCTaHTa, 3aBUCSINAS TOJIBKO OT 71,
o(f; 8) — MOAYJIb HENPEPHIBHOCTH (PYHKIIUH f.

T.B. Epmosa [4] nmokasayia, 4To mocienoBa-
TEJILHOCTHU TAKOTO THIIA TPUMEHUMBI K IMHEHHBIM
MOJIOKUTENLHBIM OllepaTopaM KaHOHUYECKOTO I0-
psiziKa, KOTOpbIE MEPEBOISAT TOXKACCTBEHHYIO €U~
HUIy B ce0s1. B paboTax aBropa, Hanpumep B [5],
MOCTPOEHBI 0000IIEHUS MHOTOWIEHOB bepHiTeii-
Ha M UX MOIU(UKALMHU, KOTOPblE pearupyroT Ha
MOBBILICHHUE TIIAJIKOCTH MPUOIMKaeMON (DyHKIIHH,
TEM CaMbIM YITydIiasi KaueCTBO €€ IPHOIIMKCHHS.

Bonrapckuit marematuk G.H. Kirov [6] mo-
ctpomn ans  auddepeHIUpyeMbIXx  PyHKUUN
fe CP[0; 1] monudukanuu MHOTOWICHOB bepH-
mTeiiHa BUja

O] k i
1, (fin=3 3 E) /")(x—f) P
k=0 i=0 n

Jpyroil moxxo/ Ajs penieHus: npoOsieMbl CX0-
JMMOCTH JUIsi OTepaTtopoB B (f; x) Obu1 ykasan
MLIII. JIxxamanoBsiM [7], paccMOTPEBIIUM UTEpa-
LMOHHBII MPOLECC MO HUCXOJHBIM MHOTOUJICHAM
bepHiureiina.

Eme ogHuM crioco6om yirydmieHus armpoKCcH-
MUPYIOLIUX CBOWCTB ONEPaTOpPOB SIBISETCS MPEa-
JIO’KEHHAsi aBTOPOM HACTOSIIIEH CTaTbU IMOCIEN0-
BaTeNILHOCTh CIUTAHOB Ha OCHOBE MHOTOUYJICHOB
bepumreiina, nms koropo# B [8] uzydeH urepaiu-
OHHBIH MpoI1iecc, T0Ka3aHbl OCHOBHBIE TEOPEMBI O
npulmpKaonmx cBoictBax. Kpome Toro, k aTum
CIUIalilHaM MOKHO IPUMEHUTBH WJIEU MOCTPOEHUS
Pa3NUYHBIX MOAU(UKAINNA, B YACTHOCTU MOTU(H-
kauuu tuna Kuposa. CoOTBETCTBYIOIIME PE3Yilb-
TaThl MPUBEJIEHBI B [9].

B mnpemaraemoii pabote ONUCHIBAIOTCS pe-
3yJbTaThl, TOJyYEHHBIE B X0/1€ TOCTPOEHUs OEpH-
MITEHHOBCKUX MOIU(DUKALUN 1O UTEPAIHOHHBIM
crtaiiHaM. J[OKa3bIBaeTCs, YTO CKOPOCTH CXOIU-
MOCTH TOJYYEeHHBIX MOTU(HUKAINUU OyleT BBHIIIE
[0 CPAaBHEHHUIO KaK C HCXOJHBIMHU CIUIAiiHAMH,
TaKk ¥ ¢ OepIITCHHOBCKUMH MOAU(PUKAIUSAME IS
KJIACCHYECKUX MHOro4wneHoB B (f; x). Ilpusenem
Tenepb COOTBETCTBYIOIINE YTBEPIKIACHHUS.
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Cnnatinol no mHoeounenam bepnuwmenna. Pac-
CMOTPHUM CIUTaliHBI, TIOCTPOCHHBIE TI0 MHOTOYJIE-
HaMm bepumreiina. Ilycts ¢ynkuus f € Cla; b].
Paznenum oTpe3ok [a; b] paBHOOTCTOSIITUMHU y3I1a-
MU a =X, <X <..<Xx =bHanpoMexyTKoB / ,
el =[x;x ], 1 =@ ;x ] m=2n.

m [—
Teneps na kaxaom orpeske [x ;x |, m=1,n,
3a1aIuM CMEIIEHHBIN oneparop bepHirelina cre-
nenu s. Jlns atoro BeiOepeM s + 1 paBHOOTCTOSI-
LUK y3€Il 10 NIPaBUILy
ot =%, +Qk: 5, = b Cl,
s n

CwmenieHHbIH MHOTOUJIEH bepHiTeiiHa Ha OT-
peske [x, ;x| MMeeT BUA

B.(rit)=("20) Sr@apn (). @

s—k

P (L,)=Cl(x=x,.)" (x, - )
Bgenem omnepartop

B, (f:x)= ﬁ_Bs(f;x;l,,,)x(lm),

rne X(I,) — xapakrepuctuyeckas GpyHKIHS Ipo-
MEXKyTKa [ , IPUHUMAIOIIAs 3HAYEHUE €IMHUIIBI B
TOYKaX ATOrO MPOMEKYTKA W 3HAYCHHUE HOJb BO
BCEX OCTAJBHBIX TOYKax OTpe3ka [a; b]. OdyeBua-
HO, uto B (f; x,) = f{x,), HOITOMY NOCTPOEHHBIH
oreparop B, (f; X) ABISETCS UHTEPIONALMOHHBIM
criaitHoM. Kpome Toro, oH OTHOCHUTCS M K KJ1accy
JMHEWHBIX TTOJIOKUTEIBHBIX OMEPaTOPOB, T. K. Ta-
KOBBIMH SIBJISIFOTCSI BCE MHOTOUJICHBI BUA (2).
Hnst cMmemeHHbIX MHOTOusIeHOB bepHITeiina
(2) Ha xaxnom oTpeske pasouenus [x . x ] pac-
CMOTPHUM HX IICHTPATbHBIE MOMEHTHI
— _ Ve yee
SU)=B((t—x);x1).
Tenepp ompenenuM IEHTpPaJbHBIE MOMEHTHI
crnakina B (f; x) o mpaBuity
S.(B,;x) =B, ((t=x)" x).

SIcHo, uTO

S,(B,:x)=> 8, )x{,), v=012,..
m=1

Jlist 1oKa3aTesbCTBa TEOPEM 00 amnnpoKcUMa-
UK QyHKIMH TaKMMHU ONepaTopaMy BaKHEHIIen
SBJISIETCS OLIEHKA IIOCTPOEHHBIX LEHTPAIBHBIX MO-
MeHTOB. Panee Hamu ObLIO 10Ka3aHO, YTO

— 2
S,(B,) = 0O(1/n>)O(1/s),
a TaK>Ke HEPABEHCTBO BUA
K(v)
hvs[(v+1)/2] ’

| S, (B,3%)[< h=—"0 vz2. 3
b—a
To, 4TO MOCTpOEHHBIE ONEPATOPHI I HEeTpe-
PBIBHBIX (DYHKIMI 00pa3yroT anmpoKCUMHUPYIO-
LIYIO NTOCJIE0BATENBHOCTD, BBIPAXKAETCS CIENYIO-
el TeopeMoit Tumna [lonmoBuuny.

Teopema 1. Ecu f'e Cla; b], TO

1B, I 2007275,
ns
Kpowme toro, st crutaiinos B (f; x) BepHa Teo-
pema Tuna BopoHOBCKO# 0 mpuOIMKeHUN Herpe-
pBIBHO MU depeHnnpyeMbIx (YHKIUH C MOMO-
LIbI0 TAKUX CIUIAHOB, KOTOPYIO MOYKHO 3amucarb
B BUJIE CIEAYIOUIETO MIPEAEIBHOIO COOTHOLLICHUS.
Teopema 2. [Tycts f€ C?[a; b]. Torna Beimom-
HSIETCS NIPEAeIbHOE PAaBEHCTBO BUA

lim|B,.f — f|n*s = g7 L=

n—eo 8

).

Ortcrona cnenyer, 4YTo MOpsA0K MPHOINKEHUS
(yHKIMI MOCPENCTBOM CIIaiiHOB B, (f; Xx) cymie-
CTBEHHO JIy4Ille, YeM y MCXOJHBIX KJIACCHUYECKHX
MHoOTrouIeHOB bepHinTeiina. OgHaKO TTOBBIIIICHUE
TJIAIKOCTH (PYHKIIUU TO-TIPE)KHEMY HE CKa3bIBa-
€TCsl Ha KauecTBE €€ NPUOIMKEHUS C MOMOLIbIO
B (f; x).

B kauecTBe 0JHOrO M3 BO3MOXKHBIX ITyTEH pe-
IICHUS. JaHHOW TPOOIEMBI MOXKHO PaccMOTpPETh
UTEPaLMIO MO crulaiinam B (f; X), MOCTPOEHHYIO
Hamu B [8]. IlycTh / — enMHUYHBIN omepaTop Ha
npoctpanctBe pynkuuii £ € Cla; b]. Teneps pac-
CMOTPUM 7/M-KpaTHOE TMPHUMEHEHHE OIeparopa
B — I. VIckoMblii HTEPAIIMOHHBIN OIIEPATOP UMEET
BUL B =I-(I-B,)", KOTOpBIA HHA4e MOXKET
ObITh 3amucan kak ([ —B))=(/-B,)" f. BepHa
CJIEIYIOIIasi OCHOBHAs alllIPOKCUMAIIMOHHAs TEO-
peMa.
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Teopema 3. Ecnu f'e C®[a; b], m € N, T0

BLf = f =00 2OV +o( Vool V).

CnenoBarenbHO, m-KpaTHas uUTepauus 110
> . 2 .
crnaitnam B (f; x) nna dynxuuu f € C*a; b)
JIaeT TOPSIIOK MPHOIIMKEHUS 172"s ™.
B [9] aBTOpOM OBLTH paccMOTpeHBI MOTUUKA-
unu Kuposa s critaitHOB Bm(f; X) BUJa

)= G (fiu,)(d,),
e

> S pu(fixil,) (-8,

k=0 i=0

0
& (fixl,) 17Ew)
1

Jlnst BBEIEHHBIX OINEPAaTOPOB OBLIO JOKA3aHO,
YTO MOPAIOK MPUOIHIKEHHS ¢ MX TTOMOILIBIO (PyHK-
uii kinacea f € CP[a; b] paser n?ls ¢+ D2,

Paccmorpum  npyroit  cmoco® mocTpoeHus
Moaudukanmuii. B nensax ymydmenus npuOnmxa-
IOLIMX CBOWCTB CIUIaiiHOB B (f; X) B OTHOIICHUH
MIaAKUX (YHKIUHA TOCTPOUM HMX MOAM(PHUKAINH
OEpHIITEHHOBCKOTO THUIIA.

BBenem nocienoBareabHOCTH ONEPATOPOB ISt
byukiun f€ CPY[a; b] cnemyromum odpa3om:

B! (f;x)=B.(f:x)=B,(f3x),

r-1 1
BLf10= B (f3x) = Lo+, (Bui)- B (/53), )
k=2
p=3.

OueBUAHO, YTO YyKa3aHHAs IOCIEIOBATENb-
HOCTh 00pa30BaHa JIMHEHHBIMU ITOJIOKHUTEIbHBI-
MH orieparopaMu. JlokaxeM OCHOBHYIO TEOpEMY O
HOPSIIKE CKOPOCTHU CXOIMMOCTH JJISl TIOCTPOESHHOU
Moau(UKaIUU CIUTaitHOB (4).

Teopema 4. Ecnu f€ CP[a; b], p>2, 10

182~ s D022
S
rae K(p) — KOHCTaHTa, 3aBHCAIIAS TOJIBKO OT p,
o(f; 8) — MOIYIIb HENPEPBHIBHOCTH (PYHKIIUH f.

HJoxazareabcTBO. bynem NpoBOOUTH €ro Me-

TOZOM MaTeMaTrndeckoi nHaykun. [pu p =2

B, (f3x)=B,(f3x)=0,55,(B,;x) B, (f";x).

Wnave, ucnonb3ys pasnoxkeHue no Gopmyie
Telinopa, 3anumiem:

B, (f3%)=0,5-8,(B,;:x)(f" = B, (f"1%)+
R, (f3%)+ f(x).

ITo Teopeme 1 nmeem, uto

" gonm //_b_a
| B, = /"I 20(f ,n\/;)-

Torma, BOCTIONIB30BaBIINCH HEPAaBEHCTBOM (1)
H OIIEHKOW OCTATOYHOTO YJIE€Ha

K(p)

) = <p>b 4y (5
| R, (f5x)|=| B, (r,;x )|<hp/ o(f \/—) )

n's
J0Ka3aHHOH paHee B [8] ams Teopembl, 000011at0-
el TeopeMy 2, HOITy4UM HCKOMOE HEPaBEHCTBO.

Jlanee AOMyCTHM, YTO OLEHKA MOpPsIKa MpU-
ommkenust quddepeHunpyemMbix QYHKIMNA onepa-
Topamu Buja (4) BepHa ais Bcex (yHKumi f €
€ C"a; b], tme v=3,p, T. ¢.

K(v) y.b— a
o s

Torma pazHOCTH MEXy oreparopoM (4) u mo-
poxpaamomen (QyHKIMEH MOXHO NpEICTaBUTH B

BUJIC

By (fx) = f(x)= Z B, x){f " (x)-
-BH(Sf ”‘);X)} +R,, (f3%).

1B.f = f||< o( /s

K BbIpaxeHuto, cTosmemMy B GUTypHBIX CKOO-

Kax, Ipu k=2, p—1 NpUMEHUMO UHAYKIIHMOHHOE
JIOTYILIEHHUE, a IPU kK = p B CUILy IpaBUjIa 3aAaHUS
ornepaTopoB (4) MOXKHO BOCIIOJIB30BATHCSI TEOPE-
Mo# 1. DTO U 10Ka3bIBAET HCKOMOE YTBEPKICHHUE.
Jns nomydenust reopeMsl THIIa BOpOHOBCKOV—
bepuireiina BBegeM cienyronye QyHKIUN:

an(x) = SO(an; x)’ lnl(x) = SIO(BnS; x)’
1 w 1
an(x):%Sm(an7x) Z‘k_ ns’ ) Zn,m—k(x)7

mz=2.
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Teopema 5. Ecnui fe C?*V[a; b], p € N, TO

K(p) b-a
Bp+1 —f—] (p+1) < ) (p+1); ,
H ns f f n,p+1f || hp+ls(p+1% (f n\/g )

rne K(p) — KOHCTaHTa, 3aBUCSIIAs TOJIBKO OT p,
o(f; 8) — MOIYJIb HEMPEPBHIBHOCTH (PYHKIINH f.
Joka3zarenbcTBo. baza vHAyKuuu cremyer u3
TEOPEMBI 2 M OLICHKH (5) 0CTaTo4HOro wieHa R (f; x).
[TycTs Temeps MckoMasi OlIeHKa BEpHA ISl BCEX
m=1,p. Torna mist ¢yukuu f € C¥V[a; b] 3a-
nuIIeM ee pasnokeHue mo dopmyne Teitmopa c
ocTaTouHbIM ujeHoM B (opme Jlarpamxe m0

(p+1)-ro uneHa BKJIIOYUTEIHHO, MPUOABUM U BBI-
YTEeM BBIPAKCHHE

51
ZF ' Sk (an ’x) : ln,p+1—k (x)‘
k=2 "+
VYurem Ttake ¢dopmyny 3anaHus (QyHKIMN
[ (x), m=2.B pesyabrare nony4nm:

P B,fgﬂ (f,.X') B f(X) - ln,p+l (x)f(pﬂ) =

Cnucok JimTeparypsl

Tak kak f ¥ € C»"'M[a; b], TO A1 HAXOK-
JICHUsl OLICHKU JIEBOM YacTH PAaBEHCTBA J10CTa-
TOYHO BOCIIOJB30BAaTHCS WHIYKIIMOHHBIMH JO-
nyuieHusiMu U HepaBeHcTBamu (3) u (5). Tem
caMbIM Teopema OyneT JoKa3aHa.

Wrak, noka3aHo, YTO NMOCTPOEHHbIE OEpH-
MTEHHOBCKHE  MOAM(GUKALMH  OMNEPaTopoB
B (f; x) nna gynxunu f € C¥[a; b] umeror cy-
IECTBEHHO JIYUITUN TOPSIAOK CKOPOCTH CXOJIH-
MOCTH, Y€M HCXOAHBbIE CIUIalHBI. A U3 Teope-
MBI 5 CIeAyeT, 4TO C yBEJIMYECHHEM IJIaJKOCTU
(GYHKIMM KauyecTBO ee MPUOIMKEHHUS C IOMO-
IO MOCTPOCHHBIX MOIU(PUKAIUN yIydlIaeT-
ca. Kpome Toro, ecnu cpaBHUTH orneHKy (1),
MOTYYCHHYIO U1 aHAJIOTUYHBIX MOAH(PUKAIIANA
KJIacCUYECKUX MHOroujieHoB bepHiuTeiiHa B
[2], c Teopemoii 4, TO BUIMM, 4TO IIPHU 5 = S (f) 1
n — 400 CKOPOCTh CXOAUMOCTH OCPHIITEHHOB-
CKMX Moau(puUKauui no cranam B (f; x) 3Ha-
YUTEIHHO BBHIIIE, YEM B Clydae KJIACCHYECKHX
MHOTOYIEHOB B (f; X).
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ITERATIVE SPLINE MODIFICATIONS
BASED ON THE BERNSTEIN POLYNOMIALS

It is known that for the Bernstein polynomials and some of their classical generalizations belonging
to the class of linear positive operators the order of approximation of these operators is not improved
in the development of smoothness. The presence of the derivative of order above two ceases to
affect on the degree of convergence of the Bernstein polynomials to the generating function. The
Bernstein polynomials possess a remarkable property of simultaneous approximation to function and
its derivatives. This fact makes them a convenient tool in the design of various numerical models (e.g.,
for the giving data approximation in computational algorithms). There are several approaches to the
consecutive orders of polynomial operators, which would solve a problem of approximation rate of
continuously differentiable functions. Most often the question is in the definition of some modifications
of the initial polynomials, such as the consecutive orders of the Bernstein type, Kirov modifications.
The paper proposes a fundamentally different method of generalization of classical polynomials, which
allows maintaining their linearity and positivity, and the methods of proving theorems based on it. At
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the same time this method leads to the operators production, responding to the smoothness of the
function. First the iterative splines are designed on the basis of the Bernstein polynomials. They have
a higher degree of convergence to the generating function than the original operators. The relevant
theorems of approximation of continuous and differentiable functions and the moment about mean
estimation are presented. It is shown that the designed splines have the same disadvantage as the
generator polynomials. The spline fitting with the derivative of order above two does not improve. We
study the spline modifications with the essentially increasing order of convergence to the generating
function in the development of smoothness. The paper studies the essential approximating properties
of the obtained sequences of operators, proves the corresponding theorems of the Popovichiu and
Voronovskaya—Bernstein theorem types.

Keywords: iterative spline, Bernstein polynomials, modifications.
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